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𝑁 = 5 𝐾 = 2

𝑇

• can_paint(T)
true false

•
true

true

⇒ 𝑇
can_paint(T) = true
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𝑁 = 5 𝐾 = 2

mid = 4 + (12 – 4) / 2 = 8

can_paint(8)

• 𝑎[0] + 𝑎[1] + 𝑎[2] = 7

• 𝑎[3] + 𝑎[4] = 5

can_paint(8) = true ⇒ r = mid
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𝑁 = 5 𝐾 = 2

mid = 4 + (8 – 4) / 2 = 6

can_paint(6)

• 𝑎[0] + 𝑎[1] = 6

• 𝑎 2 + 𝑎[3] + 𝑎[4] = 6

can_paint(6) = true ⇒ r = mid
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can_paint(T)
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𝑁 = 5 𝐾 = 2

mid = 4 + (6 – 4) / 2 = 5

can_paint(5)

• 𝑎[0] = 2

• 𝑎 1 + 𝑎[2] = 5

can_paint(6) = false ⇒ l=mid+1

𝑇 4 5 6 7 8 9 10 11 12

𝑎 2 4 1 3 2

𝑁

F F T T T T T T T

can_paint(T)

l rmid



𝑁 = 5 𝐾 = 2

l == r⇒

• 𝑇
[4, 12]

can_paint(T) true

•
𝑇∗ = 6
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𝑎 2 4 1 3 2

𝑁
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can_paint(T)

l,r



• can_paint(T) O(𝑁)
• O(log 𝑠𝑖𝑧𝑒) 𝑠𝑖𝑧𝑒

• O(𝑁 ⋅ log 𝑠𝑖𝑧𝑒)



•

𝑋
𝑃

•

𝑃(𝑋) 𝑃(𝑋 + 1)
•

𝑋
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CLOSEST PAIR dD NAÏVE
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CLOSEST PAIR dD NAÏVE



CLOSEST PAIR 1D NAÏVE
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CLOSEST PAIR 1D NAÏVE

𝐎(𝒏 𝐥𝐨𝐠𝒏)
MERGE SORT
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CLOSEST PAIR 1D DaC
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𝑃
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𝑃1 = {𝑝1, … , 𝑝𝑚} 𝑃2 = 𝑝𝑚+1, … , 𝑝𝑛
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𝑃
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𝑚 = Τ𝑛 2
𝑃1 = {𝑝1, … , 𝑝𝑚} 𝑃2 = 𝑝𝑚+1, … , 𝑝𝑛
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𝑃
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𝑚 = Τ𝑛 2
𝑃1 = {𝑝1, … , 𝑝𝑚} 𝑃2 = 𝑝𝑚+1, … , 𝑝𝑛

𝑃𝑖 ≤ 3
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𝑃
𝑝1

𝑝2

𝑝3 𝑝4 𝑝5 𝑝6

𝑝7

𝑝8 𝑝9𝛿1

𝛿2

𝑚 = Τ𝑛 2
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𝑃𝑖 ≤ 3

𝛿1 𝑃1 𝛿2 𝑃2

𝛿1

𝛿2



CLOSEST PAIR 1D DaC

𝑚 = Τ𝑛 2
𝑃1 = {𝑝1, … , 𝑝𝑚} 𝑃2 = 𝑝𝑚+1, … , 𝑝𝑛

𝑃𝑖 ≤ 3

𝛿1 𝑃1 𝛿2 𝑃2

𝛿 = min 𝛿1, 𝛿2, |𝑝𝑚 − 𝑝𝑚+1|
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𝑚 = Τ𝑛 2
𝑃1 = {𝑝1, … , 𝑝𝑚} 𝑃2 = 𝑝𝑚+1, … , 𝑝𝑛

𝑃𝑖 ≤ 3
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CLOSEST PAIR 1D DaC

𝑚 = Τ𝑛 2
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𝑚 = Τ𝑛 2
𝑃1 = {𝑝1, … , 𝑝𝑚} 𝑃2 = 𝑝𝑚+1, … , 𝑝𝑛

𝑃𝑖 ≤ 3

𝛿1 𝑃1 𝛿2 𝑃2
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CLOSEST PAIR 1D DaC

closest_pair_1D(𝑃sorted = {𝑝1, 𝑝2, … , 𝑝𝑛}) 𝑻(𝒏)

1 if 𝑛 = 1 return ∞

O(1)
2 if 𝑛 = 2 return |𝑝1 − 𝑝2|

3 if 𝑛 = 3 return . . .

4 𝑚 = Τ𝑛 2 — индекс медианы массива

5 𝛿1 = closest_pair_1D(𝑝1, 𝑝2, … , 𝑝𝑚)
2𝑇 Τ𝑛 2

6 𝛿2 = closest_pair_1D(𝑝𝑚+1, 𝑝𝑚+2, … , 𝑝𝑛)

8 return 𝐦𝐢𝐧(𝛿1, 𝛿2, |𝑝𝑚 − 𝑝𝑚+1|) O(1)



CLOSEST PAIR 1D DaC

closest_pair_1D(𝑃sorted = {𝑝1, 𝑝2, … , 𝑝𝑛}) 𝑻(𝒏)

1 if 𝑛 = 1 return ∞

O(1)
2 if 𝑛 = 2 return |𝑝1 − 𝑝2|

3 if 𝑛 = 3 return . . .

4 𝑚 = Τ𝑛 2 — индекс медианы массива

5 𝛿1 = closest_pair_1D(𝑝1, 𝑝2, … , 𝑝𝑚)
2𝑇 Τ𝑛 2

6 𝛿2 = closest_pair_1D(𝑝𝑚+1, 𝑝𝑚+2, … , 𝑝𝑛)

8 return 𝐦𝐢𝐧(𝛿1, 𝛿2, |𝑝𝑚 − 𝑝𝑚+1|) O(1)

𝑇 𝑛 = 2𝑇 Τ𝑛 2 + O 1 ⇒ 𝑇 𝑛 = O(𝑛)



CLOSEST PAIR 1D DaC

closest_pair_1D(𝑃sorted = {𝑝1, 𝑝2, … , 𝑝𝑛}) 𝑻(𝒏)

1 if 𝑛 = 1 return ∞

O(1)
2 if 𝑛 = 2 return |𝑝1 − 𝑝2|

3 if 𝑛 = 3 return . . .

4 𝑚 = Τ𝑛 2 — индекс медианы массива

5 𝛿1 = closest_pair_1D(𝑝1, 𝑝2, … , 𝑝𝑚)
2𝑇 Τ𝑛 2

6 𝛿2 = closest_pair_1D(𝑝𝑚+1, 𝑝𝑚+2, … , 𝑝𝑛)

8 return 𝐦𝐢𝐧(𝛿1, 𝛿2, |𝑝𝑚 − 𝑝𝑚+1|) O(1)

𝑇 𝑛 = 2𝑇 Τ𝑛 2 + O 1 ⇒ 𝑇 𝑛 = O(𝑛)

𝑂(𝑛 log 𝑛)

𝑇total = O 𝑛 + O 𝑛 log 𝑛 = 𝐎(𝒏 𝐥𝐨𝐠𝒏)



CLOSEST PAIR 1D DaC

closest_pair_1D(𝑃sorted = {𝑝1, 𝑝2, … , 𝑝𝑛}) 𝑻(𝒏)

1 if 𝑛 = 1 return ∞

O(1)
2 if 𝑛 = 2 return |𝑝1 − 𝑝2|

3 if 𝑛 = 3 return . . .

4 𝑚 = Τ𝑛 2 — индекс медианы массива

5 𝛿1 = closest_pair_1D(𝑝1, 𝑝2, … , 𝑝𝑚)
2𝑇 Τ𝑛 2

6 𝛿2 = closest_pair_1D(𝑝𝑚+1, 𝑝𝑚+2, … , 𝑝𝑛)

8 return 𝐦𝐢𝐧(𝛿1, 𝛿2, |𝑝𝑚 − 𝑝𝑚+1|) O(1)

CLOSEST PAIR 1D NAÏVE
☹️



CLOSEST PAIR 2D



dist 𝑎, 𝑏 = 𝑏𝑥 − 𝑎𝑥
2 + 𝑏𝑦 − 𝑎𝑦

2

𝑇 𝑛 = O(𝑛 log 𝑛)
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CLOSEST PAIR 2D DaC

1D

𝑥

𝑦

𝑥, и 𝑦





𝑥
𝑃1 𝑃2

𝑥mid = 0

𝑃1 𝑃2



𝛿1 𝑃1
𝛿2 𝑃2

𝛿1

𝛿2



𝑥mid = 0

𝑥mid = 0

𝛿1

𝛿2



𝑥mid = 0

𝑥mid = 0

Τ𝑛2 4

O(𝑛 log 𝑛)

𝛿1

𝛿2



𝑥mid = 0

𝑥mid = 0

[𝑥𝑚𝑖𝑑 − 𝛿, 𝑥𝑚𝑖𝑑 + 𝛿]

𝛿 = min(𝛿1, 𝛿2) ≈ 1.41

𝛿1

𝛿2

+𝛿−𝛿



𝑥mid = 0

[𝑥𝑚𝑖𝑑 − 1.41, 𝑥𝑚𝑖𝑑 + 1.41]

•

𝑛

+𝛿−𝛿



𝑥mid = 0

[𝑥𝑚𝑖𝑑 − 1.41, 𝑥𝑚𝑖𝑑 + 1.41]

•

𝑛

• 𝑦
𝑦 1.41

o (0, −6) (1, −4)
o −1,−3 (1, −4)

+𝛿−𝛿



𝑥mid = 0

[𝑥𝑚𝑖𝑑 − 1.41, 𝑥𝑚𝑖𝑑 + 1.41]

• 𝑦
𝑦 1.41

•

𝛿 × 2𝛿

+𝛿−𝛿

𝛿

𝛿𝛿



𝑥mid = 0

[𝑥𝑚𝑖𝑑 − 1.41, 𝑥𝑚𝑖𝑑 + 1.41]

• 𝑦
𝑦 1.41

•

𝛿 × 2𝛿

𝑦 ⇒

+𝛿−𝛿

𝛿

𝛿𝛿



• 𝑥 𝑦

• 𝑂(𝑛 log 𝑛) 𝑦

• 𝑃sorted
𝑥 𝑃sorted

𝑦

𝑃sorted
𝑥 𝑥mid

𝑦

+𝛿−𝛿



• 𝑥 𝑦

• 𝑂(𝑛 log 𝑛) 𝑦

• 𝑃sorted
𝑥 𝑃sorted

𝑦

𝑃sorted
𝑥 𝑥mid

𝑦

+𝛿−𝛿

(-1, 7)

(1, 5)

(-1, 3)

(1, 1)

(-1, -3)

(1, -4)

(0, -6)

𝑃sorted
𝑦

(-1, 7)

(-1, 3)

(-1, -3)

(0, -6)

(1, 5)

(1, 1)

(1, -4)

𝑥 ≤ 𝑥mid 𝑥 > 𝑥mid
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closest_pair_2D(𝑃sorted
𝑥 , 𝑃sorted

𝑦
) 𝑻 𝒏 = . . .

1 if 𝑛 ≤ 3 return . . . O(1)

2 𝑚 = Τ𝑛 2 — индекс медианы массива 𝑃sorted
𝑥

O(𝑛)3 𝑃1
𝑥 = 𝑝1

𝑥 , … , 𝑝𝑚
𝑥 , 𝑃2

𝑥 = {𝑝𝑚+1
𝑥 , … , 𝑝𝑛

𝑥}

4 𝑃1
𝑦
, 𝑃2

𝑦
← reverse_merge(𝑃sorted

𝑦
, 𝑃sorted

𝑥 [m])

5 𝛿1 = closest_pair_2D(𝑃1
𝑥, 𝑃1

𝑦
)

2𝑇 Τ𝑛 2
6 𝛿2 = closest_pair_2D(𝑃2

𝑥, 𝑃1
𝑦
)

7 𝛿 = min(𝛿1, 𝛿2)

8 strip = create_strip(𝑃sorted
𝑦

, δ)
O(𝑛)

9 compare_within_strip(strip, 𝛿)

10 return 𝜹



CLOSEST PAIR 2D DaC

compare_within_strip(strip, 𝛿) 𝑻(𝒏)

1 for i = 0 to |strip| O(𝑛)

2 j = i + n

3 while (j < |strip| AND

O(1)

4 strip[j].y – strip[i].y < 𝛿)

5 d = dist(strip[i], strip[j])

6 if d < 𝛿 then 𝛿 = d

7 j = j + 1

8 end while

9 end for

while strip[i]
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strip

o

o

o

o

o

CLOSEST PAIR dD
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𝑘

𝐿

K-WAY MERGE



K-WAY MERGE



K-WAY MERGE



K-WAY MERGE BRUTE FORCE

𝐴

𝐴

𝐿
𝐴



K-WAY MERGE BRUTE FORCE

𝐴

𝑨

𝐿
𝐴

𝑇 𝑛 = O 𝑔 𝑛 O 𝑔 𝑛



K-WAY MERGE ONE-BY-ONE



K-WAY MERGE ONE-BY-ONE



K-WAY MERGE ONE-BY-ONE



K-WAY MERGE ONE-BY-ONE



K-WAY MERGE ONE-BY-ONE

…



K-WAY MERGE ONE-BY-ONE

k_way_merge_one_by_one(lists, k)

1 if k = 0 return null

2 if k = 1 return lists[0]

3 head = merge_sorted_lists(lists[0], lists[1])

4 for i = 2 to k

5 head = merge_sorted_lists(head, lists[i])

6 return head

merge_sorted_lists



K-WAY MERGE



K-WAY MERGE DaC

𝑘

ൗ𝑘 2

ൗ𝑘 4

1



K-WAY MERGE DaC

k_way_merge_dac(lists)

1 if lists.size() <= 1 return list[0]

2 mid = lists.size() / 2

3 left = lists[1], ..., lists[m]

4 right = lists[m + 1], ..., lists[k]

5 mergedLeft = k_way_merge_dac(left)

6 mergedRight = k_way_merge_dac(right)

7 return merge_sorted_lists(mergedLeft, mergedRight)

merge_sorted_lists log2𝑘

O 𝑛 log 𝑘



K-WAY MERGE DaC

k_way_merge_dac(lists, k)

1 if k = 0 return null

2 d = 1

3 while d < k

4 i = 0

5 while i + d < k

6 lists[i] = merge_sorted_lists(lists[i], lists[i + d])

7 i = i + d * 2

8 intrv *= 2

9 return lists[0]



o

o

o

o

o

K-WAY MERGE



CLOSEST PAIR dD
o O(𝑛 log 𝑛)

o O(𝑛 log 𝑛)

K-WAY MERGE
o O(𝑛 log 𝑛)

o O(𝑛 𝑘)

o O(𝑛 log 𝑘)


