


SELECT

RANDOMIZED SELECT

LINEAR SELECT

SIMULATED ANNEALING









SELECT

𝐴 𝑛
𝑘

𝑎 ∈ 𝐴
𝑘 − 1 𝐴

• 𝑘 = 1

• 𝑘 = 𝑛

• 𝑘 = 𝑛/2



NAÏVE SELECT

minimum(A)

1 min = A[1]

2 for i = 2 to A.size

3 if min > A[i]

4 min = A[i]

5 return min

𝑛 − 1



NAÏVE SELECT

minimum(A)

1 min = A[1]

2 for i = 2 to A.size

3 if min > A[i]

4 min = A[i]

5 return min

𝑛 − 1



NAÏVE SELECT

2𝑛 − 2minMax(A)

1 min = minimum(A)

2 max = maximum(A)

3 return min, max



NAÏVE SELECT

2𝑛 − 2minMax(A)

1 min = minimum(A)

2 max = maximum(A)

3 return min, max



NAÏVE SELECT

A



NAÏVE SELECT



NAÏVE SELECT



NAÏVE SELECT



NAÏVE SELECT

Τ𝑛 2+ Τ𝑛 2 + Τ𝑛 2 = Τ3𝑛
2 ≤ 2𝑛 − 2



NAÏVE SELECT

𝒌

𝒌



RANDOMIZED SELECT



RANDOMIZED SELECT

QUICK SORT

partition(mas, l, r)
•

•

pos



RANDOMIZED SELECT

4 -1 2 3 0 5 7 -6 -3k = 4
l r



RANDOMIZED SELECT

4 -1 2 3 0 5 7 -6 -3k = 4

pivot

l r



RANDOMIZED SELECT

4 -1 2 3 0 5 7 -6 -3k = 4

pivot

4 -1 2 -3 0 5 7 -6 3

•

pivot

•

pivot

•

l r



RANDOMIZED SELECT

4 -1 2 3 0 5 7 -6 -3k = 4 4 -1 2 -3 0 5 7 -6 3

l r



RANDOMIZED SELECT

4 -1 2 3 0 5 7 -6 -3k = 4 4 -1 2 -3 0 5 7 -6 3

-1 4 2 -3 0 5 7 -6 3

l r



RANDOMIZED SELECT

4 -1 2 3 0 5 7 -6 -3k = 4 4 -1 2 -3 0 5 7 -6 3

-1 4 2 -3 0 5 7 -6 3

-1 2 4 -3 0 5 7 -6 3

l r



RANDOMIZED SELECT

4 -1 2 3 0 5 7 -6 -3k = 4 4 -1 2 -3 0 5 7 -6 3

-1 4 2 -3 0 5 7 -6 3

-1 2 4 -3 0 5 7 -6 3

-1 2 -3 4 0 5 7 -6 3

l r



RANDOMIZED SELECT

4 -1 2 3 0 5 7 -6 -3k = 4 4 -1 2 -3 0 5 7 -6 3

-1 4 2 -3 0 5 7 -6 3

-1 2 4 -3 0 5 7 -6 3

-1 2 -3 4 0 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

l r



RANDOMIZED SELECT

4 -1 2 3 0 5 7 -6 -3k = 4 4 -1 2 -3 0 5 7 -6 3

-1 4 2 -3 0 5 7 -6 3

-1 2 4 -3 0 5 7 -6 3

-1 2 -3 4 0 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

l r



RANDOMIZED SELECT

4 -1 2 3 0 5 7 -6 -3k = 4 4 -1 2 -3 0 5 7 -6 3

-1 4 2 -3 0 5 7 -6 3

-1 2 4 -3 0 5 7 -6 3

-1 2 -3 4 0 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

l r



RANDOMIZED SELECT

4 -1 2 3 0 5 7 -6 -3k = 4 4 -1 2 -3 0 5 7 -6 3

-1 4 2 -3 0 5 7 -6 3

-1 2 4 -3 0 5 7 -6 3

-1 2 -3 4 0 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

-1 2 -3 0 -6 5 7 4 3

l r



RANDOMIZED SELECT

4 -1 2 3 0 5 7 -6 -3k = 4 4 -1 2 -3 0 5 7 -6 3

-1 4 2 -3 0 5 7 -6 3

-1 2 4 -3 0 5 7 -6 3

-1 2 -3 4 0 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

-1 2 -3 0 -6 5 7 4 3

-1 2 -3 0 -6 3 7 4 5

l r

pos – l + 1 > k



RANDOMIZED SELECT

4 -1 2 3 0 5 7 -6 -3k = 4 4 -1 2 -3 0 5 7 -6 3

-1 4 2 -3 0 5 7 -6 3

-1 2 4 -3 0 5 7 -6 3

-1 2 -3 4 0 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

-1 2 -3 0 -6 5 7 4 3

-1 2 -3 0 -6 3 7 4 5

l r

pos – l + 1 > k



RANDOMIZED SELECT

4 -1 2 3 0 5 7 -6 -3k = 4 4 -1 2 -3 0 5 7 -6 3

-1 4 2 -3 0 5 7 -6 3

-1 2 4 -3 0 5 7 -6 3

-1 2 -3 4 0 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

-1 2 -3 0 4 5 7 -6 3

-1 2 -3 0 -6 5 7 4 3

-1 2 -3 0 -6 3 7 4 5pos – l + 1 > k

l r

l r



RANDOMIZED SELECT

𝑇 𝑛 = 𝑇 𝐋𝐞𝐟𝐭 + 𝑘𝑛 𝑇 𝑛 = 𝑇 𝐑𝐢𝐠𝐡𝐭 + 𝑘𝑛

• 𝑇 𝑛 = 𝑇 Τ𝑛 2 + 𝑘𝑛 = O(𝑛)

• 𝑇 𝑛 = 𝑇 𝑛 − 1 + 𝑘𝑛 = O(𝑛2)

•

𝑇 𝑛 = 𝑇 ൗ9𝑛
10 + 𝑘𝑛 = O(𝑛)

•

𝐸 𝑇 𝑛 RANDOMIZED SELECT O(𝑛)



RANDOMIZED SELECT

0,000000000

0,002000000

0,004000000

0,006000000

0,008000000

0,010000000

0,012000000

0,014000000

0,016000000

0,018000000

0,020000000

0 10000 20000 30000 40000 50000 60000

Поиск медианы массива (секунды), по 5 
экспериментов для каждого размера

0,0000000

0,0010000

0,0020000

0,0030000

0,0040000

0,0050000

0,0060000

0,0070000

0,0080000

0,0090000

0,0100000

0 10000 20000 30000 40000 50000 60000

Поиск второго максимума (секунды), по 5 
экспериментов для каждого размера



RANDOMIZED SELECT↔ QUICK SORT

• O(𝑛2)

•

•
pivot



LINEAR SELECT



𝑎, 𝑏 ≥ 0 𝑎 + 𝑏 < 1

𝑇 𝑛 = 𝑇 𝑎𝑛 + 𝑇 𝑏𝑛 + 𝑘𝑛 𝑘 > 0

𝑇 𝑛 = O(𝑛)



𝑎, 𝑏 ≥ 0 𝑎 + 𝑏 < 1

𝑇 𝑛 = 𝑇 𝑎𝑛 + 𝑇 𝑏𝑛 + 𝑘𝑛 𝑘 > 0

𝑇 𝑛 = O(𝑛)

• ∃𝑐, 𝑛0 > 0 ∀𝑛 ≥ 𝑛0: 𝑇 𝑛 ≤ 𝑐𝑛

• ∀𝑚 < 𝑛: 𝑇 𝑚 ≤ 𝑇(𝑛)

•
𝑇 𝑛 ≤ 𝑐𝑎𝑛 + 𝑐𝑏𝑛 + 𝑘𝑛

≤ 𝑛 𝑘 + 𝑐 𝑎 + 𝑏



𝑎, 𝑏 ≥ 0 𝑎 + 𝑏 < 1

𝑇 𝑛 = 𝑇 𝑎𝑛 + 𝑇 𝑏𝑛 + 𝑘𝑛 𝑘 > 0

𝑇 𝑛 = O(𝑛)

• ∃𝑐, 𝑛0 > 0 ∀𝑛 ≥ 𝑛0: 𝑇 𝑛 ≤ 𝑐𝑛

• ∀𝑚 < 𝑛: 𝑇 𝑚 ≤ 𝑇(𝑛)

•
𝑇 𝑛 ≤ 𝑐𝑎𝑛 + 𝑐𝑏𝑛 + 𝑘𝑛

≤ 𝑛 𝑘 + 𝑐 𝑎 + 𝑏 ≤ 𝑐𝑛

• 𝑘 + 𝑐 𝑎 + 𝑏 ≤ 𝑐 ⇒ 𝑐 ≥
𝑘

1− 𝑎+𝑏
⇒ 𝑎 + 𝑏 < 1



LINEAR SELECT

linearSelect(A, l, r, k), n = r – l + 1

𝐴

𝐵1 𝐵2 𝐵3 . . . 𝐵𝑑

l r

1 5 6 10 11 15 n

• 𝑑 = Τ𝑛 5

•

𝑇 𝑛 = ? ? ?



LINEAR SELECT

linearSelect(A, l, r, k), n = r – l + 1

𝐴

𝐵1 𝐵2 𝐵3 . . . 𝐵𝑑

l r

1 5 6 10 11 15 n

𝐵𝑗 𝑚𝑗 𝐵

O(1)

𝑚1 𝑚2 𝑚3 . . . 𝑚𝑑B 𝑑 = ൗ𝑛 5

𝑇 𝑛 = ? ? ?



LINEAR SELECT

linearSelect(A, l, r, k), n = r – l + 1

𝐴

𝐵1 𝐵2 𝐵3 . . . 𝐵𝑑

l r

1 5 6 10 11 15 n

𝐵𝑗 𝑚𝑗 𝐵

O(1)

𝑚1 𝑚2 𝑚3 . . . 𝑚𝑑B 𝑑 = ൗ𝑛 5

𝑇 𝑛 = ? ? ?



LINEAR SELECT

linearSelect(A, l, r, k), n = r – l + 1

𝐴

𝐵1 𝐵2 𝐵3 . . . 𝐵𝑑

l r

1 5 6 10 11 15 n

𝐵𝑗 𝑚𝑗 𝐵

O(1)

𝑚1 𝑚2 𝑚3 . . . 𝑚dB 𝑑 = ൗ𝑛 5

O(𝑛)

𝑇 𝑛 = ? ? ?



LINEAR SELECT

linearSelect(A, l, r, k), n = r – l + 1

𝐴

𝐵1 𝐵2 𝐵3 . . . 𝐵𝑑

l r

1 5 6 10 11 15 n

linearSelect(B, 1, d, d/2)

𝑚 𝐵

𝑚1 𝑚2 𝑚3 . . . 𝑚𝑑B 𝑑 = ൗ𝑛 5

O(𝑛)

𝑇 ൗ𝑛 5

𝑇 𝑛 = ? ? ?



LINEAR SELECT

linearSelect(A, l, r, k), n = r – l + 1

partition 𝐴 𝑚 𝐵

𝐵1 𝐵2 𝐵3 . . . 𝐵𝑑

l r

1 5 6 10 11 15 n

𝑚 pos 𝐴

𝑚 𝐴

O(𝑛)

< 𝑚 > 𝑚𝑚

posl r

𝑇 𝑛 = ? ? ?



LINEAR SELECT

linearSelect(A, l, r, k), n = r – l + 1

linearSelect 𝐴

𝐵1 𝐵2 𝐵3 . . . 𝐵𝑑

l r

1 5 6 10 11 15 n

𝑇(𝑠) 𝑠 partition

< 𝑚 > 𝑚𝑚

pos

• k = pos – l + 1 return A[pos]

• k < pos – l + 1 linearSelect(A, l, pos - 1, k)

• k > pos – l + 1 linearSelect(A, pos + 1, r, k – pos + l – 1)

𝑇 𝑛 = ? ? ?



LINEAR SELECT

linearSelect(A, l, r, k), n = r – l + 1

linearSelect 𝐴

𝐵1 𝐵2 𝐵3 . . . 𝐵𝑑

l r

1 5 6 10 11 15 n

𝑇(𝑠) 𝑠 partition

< 𝑚 > 𝑚𝑚

pos

• k = pos – l + 1 return A[pos]

• k < pos – l + 1 linearSelect(A, l, pos - 1, k)

• k > pos – l + 1 linearSelect(A, pos + 1, r, k – pos + l – 1)

𝐴



LINEAR SELECT

𝐵1 𝐵2 𝐵3 . . . 𝐵𝑑

l r

1 5 6 10 11 15 n

𝑚1 𝑚2 𝑚3 . . . 𝑚𝑑B 𝑑 = ൗ𝑛 5
𝑚

𝐵 Τ𝑑 2 𝑚

𝑚𝑗 𝐵𝑗 𝐴
𝑚𝑗

2 2 2



LINEAR SELECT

𝐵1 𝐵2 𝐵3 . . . 𝐵𝑑

l r

1 5 6 10 11 15 n

𝑚1 𝑚2 𝑚3 . . . 𝑚𝑑B 𝑑 = ൗ𝑛 5
𝑚

𝐵 Τ𝑑 2 𝑚

𝑚𝑗 𝐵𝑗 𝐴
𝑚𝑗

𝑚 ≥ Τ3𝑑
2 = Τ3𝑛

10

𝑚 ≤ 𝑛 − Τ3𝑛
10 = Τ7𝑛

10

2 2 2



LINEAR SELECT

𝐵1 𝐵2 𝐵3 . . . 𝐵𝑑

l r

1 5 6 10 11 15 n

𝑚1 𝑚2 𝑚3 . . . 𝑚𝑑B 𝑑 = ൗ𝑛 5
𝑚

𝐵 Τ𝑑 2 𝑚

𝑚𝑗 𝐵𝑗 𝐴
𝑚𝑗

𝑚 ≥ Τ3𝑑
2 = Τ3𝑛

10

𝑚 ≤ 𝑛 − Τ3𝑛
10 = Τ7𝑛

10

22



LINEAR SELECT

𝐵1 𝐵2 𝐵3 . . . 𝐵𝑑

l r

1 5 6 10 11 15 n

𝑚1 𝑚2 𝑚3 . . . 𝑚𝑑B 𝑑 = ൗ𝑛 5
𝑚

< 𝑚 > 𝑚𝑚

< 𝑚 > 𝑚𝑚

partition Τ7𝑛
10



LINEAR SELECT

linearSelect(A, l, r, k)

1. O(𝑛) 𝐴
𝐵

2. 𝑇 Τ𝑛 5 𝐵

3. O(𝑛) partition 𝐴 𝐵

4. 𝑇 Τ7𝑛
10 𝐴



LINEAR SELECT

linearSelect(A, l, r, k)

1. O(𝑛) 𝐴
𝐵

2. 𝑇 Τ𝑛 5 𝐵

3. O(𝑛) partition 𝐴 𝐵

4. 𝑇 Τ7𝑛
10 𝐴

𝑇 𝑛 = 𝑇 Τ𝑛 5 + 𝑇 Τ7𝑛
10 + 𝑘1𝑛 + 𝑘2𝑛

• Τ1 5 + Τ7 10 = Τ9 10 ≤ 1

• 𝑇 𝑛 = O(𝑛)



LINEAR SELECT

LINEAR SELECT

𝑇 𝑛 = 𝑇 Τ𝑛 5 + 𝑇 Τ7𝑛
10 + 𝐾𝑛 ≤ 𝑐𝑛 𝐾 = 𝑘1 + 𝑘2

• ∀𝑚 < 𝑛: 𝑇 𝑚 ≤ 𝑇(𝑛)

𝑇 𝑛 ≤ ൗ𝑐𝑛
5+ ൗ7𝑐𝑛

10+ 𝐾𝑛 = ൗ9с
10 + 𝐾 𝑛 ≤ 𝑐𝑛

• Τ9𝑐
10 + 𝐾 ≤ 𝑐 ⇒ 𝑐 ≥ 10𝐾

•



LINEAR SELECT k = 7



LINEAR SELECT k = 7



LINEAR SELECT k = 7

𝑚



LINEAR SELECT k = 7

𝑚

partition 𝑚



LINEAR SELECT k = 7

𝑚

partition 𝑚

𝑚



QUICK SORT + LINEAR SELECT

O 𝑛 log 𝑛
QUICK SORT

•
LINEAR SELECT

•
pivot





𝑇

𝑇0

•

•



𝑓 𝑥1, 𝑥2, … , 𝑥𝑛

• 𝑇 𝛼

• 𝑥1
0, 𝑥2

0, … , 𝑥𝑛
0 𝑓cur = 𝑓 𝑥1

0, 𝑥2
0, … , 𝑥𝑛

0



𝑓 𝑥1, 𝑥2, … , 𝑥𝑛

• 𝑇 𝛼

• 𝑥1
0, 𝑥2

0, … , 𝑥𝑛
0 𝑓cur = 𝑓 𝑥1

0, 𝑥2
0, … , 𝑥𝑛

0

SIMULATED ANNEALING

𝑇cur = 𝛼 ⋅ 𝑇

𝑥1
′ = 𝑥1

0 ± 𝑎, 𝑥2
′ = 𝑥2

0 ± 𝑎,… , 𝑥𝑛
′ = 𝑥𝑛

0 ± 𝑎

Δ𝑓 = 𝑓 𝑥1
′ , 𝑥2

′ , … , 𝑥𝑛
′ − 𝑓cur

• Δ𝑓 < 0 𝑥1
′ , 𝑥2

′ , … , 𝑥𝑛
′

• Δ𝑓 > 0 𝑥1
′ , 𝑥2

′ , … , 𝑥𝑛
′ 𝑃 = 𝑒 ൗ−Δ𝑓

𝑇cur

𝑇0



𝑓 𝑥1, 𝑥2, … , 𝑥𝑛

• 𝑇 𝛼

• 𝑥1
0, 𝑥2

0, … , 𝑥𝑛
0 𝑓cur = 𝑓 𝑥1

0, 𝑥2
0, … , 𝑥𝑛

0

𝑓 𝑥1, 𝑥2, … , 𝑥𝑛
•

• 𝑃 = 𝑒 ൗ−Δ𝑓
𝑇cur

SIMULATED ANNEALING



𝑓 𝑥, 𝑦 = 𝑥2 + 𝑦2

𝑇

𝐸

•
𝑥, 𝑦 ∈ −10, 10 × [−10, 10]

• 𝛼 = 0.84

• (4,4)

• ±0.2



SIMULATED ANNEALING

0,1 < 𝑃 = 𝑒 ൗ−Δ𝑓
𝑇cur

𝑇0

𝐸0



N-QUEENS PROBLEM

𝑁
𝑁 × 𝑁

• 𝑓

•

𝑓



8-QUEENS PROBLEM



8-QUEENS PROBLEM



16-QUEENS PROBLEM



20-QUEENS PROBLEM



SIMULATED ANNEALING

👍

👍

👎

👎



𝑘
• RANDOMIZED SELECT O(𝑛)

• LINEAR SELECT O(𝑛)

•

• N-QUEENS PROBLEM


